In this contribution 1 , we investigate the idea of using cognitive radio to reuse locally unused spectrum to increase the total system capacity. We consider a multiband/wideband system in which the primary and cognitive users wish to communicate to different receivers, subject to mutual interference and assume that each user knows only his channel and the unused spectrum through adequate sensing. Under this scheme, a cognitive radio will listen to the channel and, if sensed idle, will transmit during the voids. Within this setting, we provide two simple methods for sensing the idle sub-bands over the total bandwidth. We impose the constraint that users successively transmit over available bands through proper water filling. We derive the total spectral efficiency as well as the maximum number of possible pairwise communications of such a cognitive radio system and show that we can improve the overall system spectral efficiency by considering cognitive communications in the system.
I. INTRODUCTION
The recent boom in personal wireless technologies has led to an increasing demand in terms of spectrum resources. To combat this overcrowding, the FCC has recently recommended [1] that significantly greater spectral efficiency could be realized by de-ploying wireless devices that can coexist with the licensed (primary) users, generating minimal interference while taking advantage of the available resources. The current approach for spectrum sharing is regulated so that wireless systems are assigned fixed spectrum allocations, operating frequencies and bandwidths, with constraints on power emission that limits their range. Therefore, most communication systems are designed in order to achieve the best possible spectrum efficiency within the assigned bandwidth using sophisticated modulation, coding, multiple antennas and other techniques. The most advanced systems are approaching Shannon's channel capacity limit [2] , so further increase in capacity would require additional system bandwidth. On the other hand, the discrepancy between spectrum allocation and spectrum use suggests that this spectrum shortage could be overcome by allowing more flexible usage of a spectrum. Flexibility would mean that radios could find and adapt to any immediate local spectrum availability. A new class of radios that is able to reliably sense the spectral environment over a wide bandwidth, detect the presence/absence of legacy users (primary users) and use the spectrum only if the communication does not interfere with primary users is defined by the term cognitive radio [3] . Cognitive radios (CR) have been proposed as a mean to implement efficient reuse of the licensed spectrum. The key feature of cognitive radios is their ability to recognize their communication environment and independently adapt the parameters of their communication scheme to maximize the quality of service (QoS) for the secondary (unlicensed) users while minimizing the interference to the primary users. However, there are many challenges across all layers of a cognitive radio system design, from its application to its implementation [4] .
In this paper, we focus our study on non-real time data transmission services since they are delay insensitive. Such an opportunistic data transmission is facilitated by the time-varying user interference profile owing to mobility, fading, and power control [5] . This work was motivated by the fact that future personal communication systems are supposed to support a variety of services, including real-time and non-real time services (web browsing, e-mail, fax, file transfer, etc.). Hence, it turns out necessary to efficiently accommodating non-real time data traffic.
Another technique that has been increasingly popular is Time Division Duplexing (TDD) in which the same carrier is used for both links in different time slots. One property of such systems is that, since the same frequency is used, the channel characteristics are nearly the same in both links, provided the channel does not change too rapidly.
We consider a TDD communication scenario in which in which the primary and cognitive users wish to communicate to different receivers, subject to mutual interference in a heterogeneous network where devices operates in a wideband/multiband context. However, contrary to the work addressed in [6] , in this contribution we impose that only one user can simultaneously transmit over the same sub-band.
We examine the total spectral efficiency of the cognitive radio system and show that the overall system spectral efficiency can be considerably enhanced by considering cognitive communications with respect to the traditional system (without cognition). In particular, it is of major interest, in this context, to quantify the spectral efficiency gain in order to show the interest behind using cognitive radio terminals with respect to classical systems (without cognition). We also provide a simple method for sensing the idle sub-bands over the total bandwidth based on radar detection theory [8] .
The rest of the paper is organized as follows: In Section II, we describe the channel model. In Section III, we describe the cognitive radio protocol. In Section IV, we address the problem of sensing. Section V details the spectral efficiency analysis adopted throughout this paper when the number of sub-bands is limited. In Section VI, we investigate the asymptotic performance of such a system in terms of spectral efficiency. Performance evaluation is provided in Section VII and Section VIII concludes the paper.
II. THE CHANNEL MODEL
The baseband discrete-frequency model at the receiver R l (see figure 1 ) is:
where:
• h i l : is the block fading process of user l on the sub-band i,
• S i l : is the symbol transmitted by user l on the sub-band i,
: is the power control 2 of user l on the sub-band i,
• n i l : is the additive gaussian noise at the ith sub-band.
We further assume that the channel h l stays constant over each block fading length (i.e. coherent communication). The assumption of coherent reception is reasonable if the fading is slow in the sense that 2 Throughout the rest of the paper, we will find it convenient to denote by P i l the power allocation policy of user l on sub-band i, rather than P i l (h i l ).
the receiver is able to track the channel variations. We statistically model the channel gains h l to be i.i.d distributed over the L rayleigh fading coefficients and E |h l | 2 = 1 for l = 1, ..., L. The additive gaussian noise n l at the receiver is i.i.d circularly symmetric and n l ∼ C N (0, N 0 )) for l = 1, ..., L.
III. COGNITIVE RADIO PROTOCOL
Under the proposed protocol, cognitive users listen to the wireless channel and determine, either in time or frequency, which part of the spectrum is unused. Then, they successively adapt their signal to fill detected voids in the spectrum domain. Specifically, each transmitter T l estimates the pilot sequence of the receiver R l in order to determine the channel gain h l (see links 1 and 3 in fig. 1 ). Thus, within this setting, each user l is assumed to know only his proper channel gain h l and the statistical properties of the other links.
Furthermore, the primary user is assumed to not be aware of the cognitive users. Then, he communicates with his receiver in an ad-hoc manner while a set of cognitive radio transmitters that are able to reliably sense the spectral environment over a wide bandwidth, decide to communicate with theirs respective receivers only if the communication does not interfere with the primary user. Thus, under our opportunistic approach, a device transmits over a certain sub-band only when no other user does. Such an assumption is motivated by the fact that when R l sends his pilot sequence to T l , he will not interfere with T l−1 for l = 2, ..., L. The sensing operation will be discussed in the next section. Throughout the rest of the paper, we will adopt this framework to analyze the achievable performance of such a system in terms of spectral efficiency as well as the maximum number of possible pairwise communication within this scenario.
Moreover, in order to characterize the limit achievable performance of such systems, three capacity measures can be found in the literature. A comprehensive review of these concepts can be found in [9] .
The relevant performance metric of the proposed protocol is the instantaneous capacity in (bits/s/Hz), namely [10] :
The sum here is done over the stationary instantaneous distribution of the fading channel on each user l.
The instantaneous capacity determines the maximum achievable rate over all fading states without a delay constraint. In this work, we allocate transmit powers for each user in order to maximize his transmission rate. In fact, when channel state information is made available at the transmitters, users know their own channel gains and thus they will adapt their transmission strategy relative to this knowledge. The corresponding optimum power allocation is the well-known water filling allocation [2] expressed by 3 :
Where γ 0 is the Lagrange's multiplier satisfying the average power constraint:
Without loss of generality, throughout the rest of the paper, we take P = 1.
For clarity sake, let us take the following example with N = 8 sub-bands. As shown in figure 2 , the primary user is always prioritized above cognitive users by enjoying the entire band while cognitive users adapt their signal to fill detected voids with respect to their order of priority. As a first step, the primary user maximizes his rate according to his channel process. As mentioned before in expression (3), only user with a channel gain h i above a certain threshold equal to γ 0 .N 0 transmits on the sub-band i (Ψ 2 ). User 2 senses the spectrum and decides to transmit only on sub-bands sensed idle. Thus, following his fading gains, user 2 adapts his signal to fill these voids in the spectrum domain in a complementary fashion (Ψ 3 ). Similarly, user 3 will sense the remaining sub-bands from user 1 and user 2 and decide to transmit during the remaining voids (Ψ 4 ).
Notice here that under these circumstances each user l must wait for user l − 1 for l = 2, ..., L to accede to his time slot and check the remaining vacant sub-bands. As mentioned before, non real-time data transmission are aimed by such a protocol since they are delay insensitive and are able to change their transmission rates from a maximum to even zero in order to release resources for other users or wait for better channel conditions.
Under the proposed scenario, cognitive users are assumed to be coordinated following a virtual token in order to decide the users' total ordering. Imagine for example a scenario where users are ordered following an existing token-passing based algorithms or, much more simple, via a random order initialized on the beginning of each communication by the BS. Obviously, in the ideal case, order should take into account the QoS application requirements of each user in terms of delay and rates as well as fairness between users. In this contribution, we will assume this part being done and focus on the fundamental limits of such cognitive radio systems.
IV. SENSING
So far, we have focused on pairwise communications between transmitters and receivers (see links 1 and 3 in fig. 1 ). Let us now investigate the inter-transmitter communications (link 2 in fig. 1 ) in order to analyze the problem of sensing. To this effect, let us assume the baseband discrete-time model within a coherence time period T when each user l for l = 2, ..., L has N sub-bands as described in figure 1 :
Where c i l−1,l (k) is the block fading process from user l − 1 to user l on the ith sub-band, at time k. We further assume that 0 ≤ k βT and β < 1, i.e. the coherence time is sufficiently large so that the channel stays constant over each block fading length.
The proposed sensing techniques hinge on the assumption that all devices operate under a unique standard so that they know the pilot sequence used by the other users.
A. Power detection
As stated above, in this work, the cognitive radio behavior is assumed to allow only one user to simultaneously transmit over the same sub-band. The received signal at user l can therefore be written as (see link 2 in fig. 1 ):
By assuming that βT is an integer equal to M and by making βT sufficiently large, the received power detected at receiver R l is:
Accordingly, in order to determine which part of the spectrum is unused, cognitive user has just to detect the received power and compare it to the noise power N 0 . However, in addition to the fact that it supposes that M → ∞ (i.e. infinite time coherence period), the proposed method would be not efficient at low SNR-regime (see figure 3 ). In fact, the quality of such a technique is strongly degraded with the reduction in the precision of the noise threshold [7] . The principal difficulty of this detection is to obtain a good estimation of the noise variance. Hence, we will rather focus on radar detection theory where users know only the statistic properties of other links c l−1,l .
B. Radar detection
It follows from equation (6) that the problem of sensing in such a scenario turns out to the well known radar detection problem [8] . In fact, radar detection theory is an application of a statistical test of two hypotheses:
1) H 0 : only noise present,
2) H 1 : noise plus signal present.
The Neyman Pearson test is appropriate here. For the sake of clarity, let us consider the following discrete- The gaussian distribution for the noise is:
Where: The cognitive user can decide wether the signal x is present or not. The decision strategy is directly applied by considering the likelihood ratio, namely:
This quantity is a monotonic function of C xy . The decision rule can be written as:
Where the threshold is:
and p = P(H 1 |I) and q = P(H 0 |I) are the a − priori probabilities. Notice that in the particular case where the a − priori probabilities and the cost functions are such as qL f /pL a = 1, it is clear that the threshold becomes equal to x H x. The value of such threshold is independent from the SNR.
Furthermore, it turns out necessary to notice that one basic assumption throughout this paper is that the cognitive user l perfectly senses the channel gain from user l − 1 for l = 2, ..., L. Nevertheless, when sensing is assuming unperfect, our results represent an upper bound to achievable performance.
V. SPECTRAL EFFICIENCY ANALYSIS
Let us first define the set of the number of sub-bands sensed occupied by user l by:
Where Ψ l obeys to the following properties:
The capacity per band of user l given a number of sub-bands N is:
Where Ω l represents the set of the remaining idle sub-bands sensed by user l, namely:
For a given number of sub-bands N, the optimal power allocation which maximizes the transmission rate of user l is solution of the optimization problem:
subject to the average power constraint:
The resulting optimal power control policy is derived in (3) . Notice that the maximum number of users L allowed by such system must satisfy the condition that card(Ω L ) = 0.
Let us now derive the spectral efficiency of such a system. The spectral efficiency per band of user l is given by:
By multiplying and dividing (14) by card(Ω l ), we obtain 4 :
As expected, when l = 1, the spectral efficiency without cognition is equal to the primary user capacity C 1,N . We define ∆ l,N as the band factor gain of user l for N sub-bands, namely:
In other words, the band factor gain represents the fraction of the band unoccupied at user l. The spectral efficiency per band of user l can therefore be expressed by:
and the sum spectral efficiency of a system with N sub-bands per user is given by:
VI. ASYMPTOTIC PERFORMANCE
Let us now study the achievable performance when devices operate in a wide-band context (i.e. N → ∞).
The instantaneous capacity of user l for a finite number of sub-bands in (11) becomes 5 :
Where P l is subject to the average constraint:
and γ 0 is the Lagrange's multiplier satisfying 6 :
Numerical root finding is needed to determine different values of γ 0 . Our numerical results, in section VII, show that γ 0 increases as N 0 decreases, and γ 0 always lies in the interval [0,1]. On the other hand, an asymptotic expansion of (21) in [11] shows that at very high SNR-regime, γ 0 → 1.
Moreover, the capacity of user l can be computed for l = 1, ..., L as follows:
In order to characterize the achievable performance of such system in terms of spectral efficiency, we define the capacity within the frequency bandwidth W, namely [12] :
By identifying expression (19) with (23), we obtain a characterization of the frequency variation f as function of the channel gains t, namely:
is the exponential integral function defined as:
Similarly to our approach in the previous section, we define the band factor gain ∆ ∞ as the fraction of the band sensed idle from user l to user l + 1 over the total bandwidth W for an infinite number of sub-bands:
Where ∆ f represents the frequency interval where the fading gain in (24) is below a certain threshold equal to γ 0 .N 0 . By deriving the appropriate vacant band ∆ f when t ∈ [0, γ 0 .N 0 ] in (24), we obtain:
Accordingly, the asymptotic spectral efficiency of user l is given by:
Similarly to the case where the number of sub-bands is fixed, when l = 1, the spectral efficiency without cognition is equal to the primary user capacity C 1,∞ . In particular, it is of major interest to quantify the spectral efficiency gain ∆ ∞ in order to show the interest behind using cognitive radio terminals with respect to classical systems (without cognition). To do so, following the same procedure and going from user 2 to L, we obtain the expression of the asymptotic spectral efficiency as function of C 1,∞ :
The overall asymptotic sum spectral efficiency for a system with L users is therefore:
Furthermore, it is clear from equation (26) that ∆ ∞ ≤ 1. Therefore, by making L sufficiently large, the sum spectral efficiency in (29) becomes:
And the sum spectral efficiency obtained by considering cognitive communications is greater than or equal to the spectral efficiency without cognition C 1,∞ . Such a result justifies the increasing interest behind using cognitive radio terminals in future wireless communication systems since the sum spectral efficiency of such systems performs always better than classical communication systems (without cognition).
On the other hand, by substituting C 1,∞ by its expression in (22), we obtain the final expression of the achievable sum spectral efficiency in such a system:
This result is very interesting as, by only knowing the statistics of the channel gains (through γ 0 ) and the SNR, one can derive the achievable spectral efficiency as well as the potential gain resulting from using cognitive radio.
VII. PERFORMANCE EVALUATION
In order to validate our approach in the previous Section, we compare theoretical expressions of the sum spectral efficiency in (31) to simulated expressions in (18). Our numerical results in figure 5 , show that the sum spectral efficiency in (18) matches expression (31) even for a low number of sub-bands N (from N = 32).
Moreover, since the maximum number of users is not theoretically limited, we will consider only L that satisfies the condition that card(Ω L ) = 0, otherwise, the L-th capacity would be negligible. Figure 4 characterizes the maximum number of users L as function of the received signal energy per information bit E b /N 0 for different number of sub-bands N. As expected, we remark that the maximum number of users allowed to transmit increases with the number of sub-bands especially at low E b /N 0 region.
In [13] , we plotted the different configurations of the sum spectral efficiency for a system with 5 users as function of the SNR. We showed that at low SNR region, the spectral efficiency is significantly increased with respect to the traditional system without cognition while, at high SNR regime, the maximum sum capacity reaches C 1,∞ . In this paper however, we will focus on the sum spectral efficiency gains as function of E b /N 0 . In fact, the E b /N 0 versus spectral efficiency characteristic is of primary importance in the study of the behavior of the required power in the wideband limit (where the spectral efficiency is small).
The key idea behind doing so is to find the best tradeoff between transmitted energy per information bit and spectral efficiency [14] . It is also useful for the sake of comparing results obtained for different configurations to represent the fundamental limits in terms of received energy per information bit rather than the Signal-to-noise ratio. By replacing the SNR in (22) by its equivalent expression in terms of E b /N 0 , the capacity of the primary user becomes:
In such a case, the explicit solution of the spectral efficiency versus E b /N 0 is not feasible. In figure 6 , we plot the sum spectral efficiency gains over users as function of E b /N 0 where solutions are given by the implicit equation in (32). Simulation results were obtained through dichotomic algorithms.
Let us now focus on the band factor gains expressions. So far, we have quantified the spectral efficiency gains of different configurations with 5 users. Let us now investigate the speed convergence, in terms of N, of simulated spectral efficiency (with a finite N) to theoretical one (when N is assumed to be infinite).
Let us first write the spectral efficiency of each user l as follows:
Note here that α l,∞ represents the band factor gain from the primary user to user l. In figure 7 , we simulated a system with 5 users. We compared simulated values of α l,N based on equation (15) to theoretical value in (34) for each user l and for SNR = 10 dB. We remark that as N increases, simulated band factor gain tends to α l,∞ . Moreover, simulation results show that α 2,N converges more rapidly to the associated theoretical gain factor value than for user 3 or user 4.
VIII. CONCLUSION
Cognitive radios could provide a paradigm shift in the way that spectra is regulated and used. However, although cognitive radios have spurred great interest and excitement in industry, many of the fundamental theoretical questions on the limits of such technology remain unanswered. In this work, we analyzed a cognitive radio system where cognitive users benefit from the unused spectrum. Our study treats the problem of cognitive radio from sensing to achievable performance. In fact, we first proposed two simple methods for sensing the vacant sub-bands over the total bandwidth. Then, we defined the band factor gain and obtained a characterization of the maximum achievable spectral efficiency as well as the maximum number of possible pairwise communications within such a scenario. We finally showed the fundamental principle of cognitive radios by proving that such systems always perform better than classical ones (without cognition). 
